A Direct Proof of the Integral Formula for Arctangent
Arnold J. Insel, lllinois State University, Normal, IL

The College Mathematics Journday 1989, Volume 20, Number 3, pages 235-237.

n this capsule, we give a direct proof that the Arctangent is an intedrAllof- x?).

I It then becomes possible to use the Arctangent to determine the tangent and the other
trigonometric functions. Here (Figure 1) for any real nunahaeve define Arctara

as the angl® (in radians) determined by a@fMR wheref is taken as negative if

a<o.

In what follows, we fix a numbea > 0. This will determine two regions, as shown in
Figure 2. The region above tReaxis is bounded by the graphyf 1/(2(1 + x?))  and
thex-axis, whered < x < a. Therefore, the total area of this region is

a dx
0 21+ X3

-

Figure 1 Figure 2

The region below thg-axis is a sector of a circle having cer@&r—1) and radius 1.
The sides of the sector are determined byythgis and the line connectirt§, —1) to
(a, 0). Thus, these sides determine the angle with value Aect8imce the area of a
sector of a circle of radiusand angled (in radians) i86/2, the total area of this
shaded region i$/2 Arctaam

We shall show that these two shaded regions have equal areas. From this, it follows that
the Arctangent can be represented as an integral of the fugictiaty (1 + x?).

First, consider the region above thaxis (Figure 2). This region is divided into two
subregionsA, and,. The rectandle has aféh,) = a/(2(1 + &?)).

The shaded sector below tk@xis is also divided into two subregiol,  dd
Since triangleCPD is similar to triangl€OPR the legsPC andCD of triangleCPD have
lengthsl//1 + a? andy//1 + @, respectively.



Thus,B, has aea</(B,) = a/(2(1 + a?)). In paticular, #(A,) = A(B,).
It remains to be shen tha </(A,) = «/(B,). First, solve the equéony = 1/2(1 + x?)
for x to obtainx = /1 — 2y/+/2y. Then intgrate this along thg-axis to obtain
V2 /12y
AA) = f —=—dy.
' 1/2(1+a?) \/2—y y

Likewise the circular boundar of B, can be epresented as theaph of

X=V1—-(y+ 1?wherel//1+ a®>— 1<y < 0. Therfore,
0
(B, = J( V1 - (y+ 1)2dy.

1/V1+a2)-1

Finally, we shev tha the intgral for s¢(A;) can be tansbrmed into the intgral
for s4(B,) by means of the substitutian= /2y — 1. Indeed dt = dy//2y and
(t + 1)2 = 2y. Therefore,
1/2 V1-2
AA,) = —=d
) Jl/2(1+a2) V2y y

V1-—(t+1)>2dt

f(l/m)l
= A(B,).
We have theefore shavn tha
AA) + AA,) = AB,) + (B,).
Thus,

a  dx 1
L2(1+X2)—2Arctana

or
a  dx .
fom—Arctana *
fora > 0.

A simple symmeir agument estalishes the alidity of (*) fora < 0. Equdion (*) is
cleally valid for a = 0. Thus,(*) is valid for all real \aluesa.

We outline a methodf obtaining the devatives of the figonometic functions fom
(*). First, apply the fundamental theem of calculus to obtain the detive of the
Arctangent. The functionf(x) = tanx (— /2 < x < 7/2) is the iverse of the
Arctangent,and its dewvative f/(x) = sec® x can be obtained dm the iverse function
theoem. Since the tamgt function is aepetition off on all interals of the érm

((n = (1/2))m, (n + (1/2))w), we hae

d
—tan X = sec? x.
dx



Next, use the tangnt function to epresent the secardand diferentige to obtain the
usual brmula for the deivative of the secant.df the devatives of the sine and cosine
obseve tha cosx = 1/(sec x) andsin x = tan x cosx for x # (n + (1/2))r.
Differentiae to obtain the usuabfmulas with this estiction which can be emoved Ly
use of the identities.

sinx = cos(x — 7—27) and cosx = sin(x + 7—27>

Finally, the deivatives of the cotarent and cosecant can be obtainenrnfithe
derivatives of the sine and cosine in the usuay.w



