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1. Introduction. The past two decades have seen massive advances in computer
graphics. Computer-generated pictures have progressed from simple line drayiags [
breathtakingly beautiful full-color displayg][ However, sometimes even a simple line-
drawing program can exhibit interesting, and unexpected, mathematical behavior. “The
Rose” is an example of such a program. This program has been used as a demo for
AT & T's “DMD 5620” terminal [3] and other sophisticated equipment. It gets its name
from the polar-coordinate graph of the functios sin(ne), wherg a positive

integer. The graph of this function is epetaled rose if is odd, and &n-petaled rose

if nis even, as demonstrated by Figure 1.

2. The basic algorithm. “The Rose” uses the following algorithm, called algorithm-
A, to display polygons inscribed mpetaled an@n -petaled roses.

1. Choose integens, d such thatl < n=<359 and <d = 359.
2. Setf equal to zero, and geldx, oldy) (€p0).

3. Setf equalt@d + d. 1= 360 replace by the remainder obtained when
dividing 6 by 360. (That is, reduce mod 360.)

4. Computend, reduce it mod 360, convert the result from degrees to radians, and
setx equal to the final result.

5. Setr equal to the sin af.
6. Convertd from degrees to radians, and sefual to the result.

7. Convert the poinft, r) from polar to rectangular coordinates to obtain the point
(newx, newy).
8. Draw a line from{oldx, oldy) tdnewx, newy).

9. If #is equal to zero then stop, else @btlx, oldy)  (nEwx, newy) and go back to
step 3.

Algorithm-A computes the point{®, sin(ng)) far= 0°,d° 2d° . . ., and draws lines between each
pair of successfully computed points. The first computed point and the last computed point always
coincide, so the figure drawn is always a closed polygon. The valuesnofd can be chosen at

random or supplied by the user of the program. Figure 2 gives examples of pictures drawn with
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FIG 1. The gaphs ofr = sin(nd) for6 = 1 — 6.
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FIG 2. “The Rose'drawings for randomn andd.

randomy/-chosen ®alues 6r n andd. Unfortunaely, not all of the dawings geneeted Ly
algorithm-A are as beautiful as those shoin Fgure 2. Mary of the dewings contain
only a few lines ,and maw consist of a single dot. Itauld be estheticallpleasing to
get rid of these dgeneagte figures hut first it is necessgrto undestand viy they occur



Let G be the aditive goup of intgers mod 360. Examirtimn of stgps 3 and 9 of
algorithm-A males it olvious tha the rumber of lines in a @wving is equal to the der
of din G. (Some of the lines ngabe dgenegrte with stating and ending points
coinciding) It is a simple miger to shav tha the oder ofd in G is equal ta360/k,
where k is the geaest common disor ofd and 360. Nw, let H be the subigpup of G
generted ly d. H hask distinct cosets i1 of the ormH, H + 1, H + 2,. . .,

H + k — 1. A degeneste diawing is poduced when the ader ofH is less than 360.
However, when this is the casa diawing can also be pduced ér eat of the cosets
H+ 1,H+ 2, .. ..Futhemore a different dewing will be pioduced ér eat
distinct cosetThe dgenegte figures can be elimiriad by supeimposing the dawings
for the cosetsl + 1,H + 2,. . . over the dawing for H. Algorithm-B does ractly
this:

1. Choose intgersn, d such tha 1 < n < 359 and1 < d < 359.
2. SetT andc equal to &ro.

3. Setf equal toT. Compute the poin@6/360, sin(27rnH/360)), corvert it to
rectangular coalinates and sefoldx, oldy) to the esult.

4. Set6 equal tod + d. If § = 360 replaced by the emainder obtained lren
dividing 6 by 360.

5. Computend, reduce it mod 36Q;orvert the esult flom derees to adiansand
setx equal to theihal result.

6. Setr equal to the sin of.
7. Corvert 6 from derees to adiansand set equal to theesult.

8. Corvert the point(t, r) from polar to ectangular coalinaes to obtain the point
(newx, newy).
9. Draw a line fom (oldx, oldy) to (newx, newy).

10. Add 1 toc.

11. If #is equal toTl then @ to ste 12,else setoldx, oldy) to (newx, newy) and @
bad to ste 4.

12. If ¢ = 360 stop,else ad 1 toT and @ badk to ste 3.

Figure 3 gves dawings for vanous cosets witln = 3 andd = 72. Figure 4
demonstates the diference betwen algrithm-A and algrithm-B for n = 4 and
d = 120.

With this modifcation, it is possilke to stug the eolution of a dawing for a ixedn, as
d ranges flom 1-360without worrying about dgeneete diawings. kgures 5a and 5b
illustrate this @olution for n = 2. First the @paently smooth line of the dwing
becomes wider and metlacy” until the space bew®en the loops digpeas. At the
same time a squah figure gpeas in the center
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FIG 3. Coset dawings forn = 3,d = 72.

Eventually the squash figure gows until it overwhelms the ente figure leaving holes
for the oiginal petalsThen the petals become redhairy” looking and the squesh
shae bagins to dgenegte into fligree betveen the petalsintil the shpe disppeas
entirely leavzing only the haiy petals.This form of evolution tales place (adifferent
rates) pr all figures with smalh.

3. Very largen. All of the examples @ven so &r have useddirly small \alues ofn,
even though ste 1 of both algrithms allavs n to range from 1 to 359As n becomes
velry large (s greder than 60) the sicture of the unddying rose disppeas, but other
puzzling phenomena gie to occur Fgure 6 gves examples of some of these
phenomena.



n = 4,d = 120 (Algorithm-A)

n = 4,d = 120 (Algorithm-B)

FIG 4. The diference betwen algrithmsA and B

Consider the dwing for n = 181, d = 2. This looks suspiciougllike two copies

of the dewing forn = 1,d = 1, rotaed 180 dgrees fom one anotheFuther
expelimentdion with the pogram will shav tha the dewing forn = 121,d = 3is
three cicles whose centarae 120 dgrees patt, and the dawing forn = 91,d = 4is
four circles whose centerae 90 dgrees patt. Futhemore, the diewing for

n = 183,d = 2 resemkes two copies of the dwing forn = 3,d = 1, rotaed 180
degrees fom eab other



FIG 5a. The eolution ofn = 2ford = 1 — 90.

These esemiances a& not supeitial as the dllowing theoem shavs. We will call this
theoem thezero + theoem because it iolves ading an intger to a ero-divisor in
the 1ing of intggers mod 360The poof is a simple calcuten and is omitted

THE ZERO + THEOREM. Letsin(6) be evaluated br 0 in degrees and let the points
(6, sin(0)) represent the angle ancdius of points in the usual polar caomate system.
Let 0, k, n, and m be intgers and leinm = 360. If 6is of the brmmj + i where i and |
are integers, then the point6, sin((n + k)0)) lies on the cure deined by (6, sin(ko))
rotated ni dgrees tockwise dout the oigin.



n=2d=135 n=2d=150

n=2d= 165 n=2d= 180

FIG 5b. The eolution ofn = 2 ford = 90 — 180.

Note tha thezero + theoem assumes thégures ae diawn using ad tha divides 360.
This implies thaiead copy of the“small n” figure is geneeted Ly a distinct coset of the
subgoupH of G generted ly d. It tums out thathe points computeddm eat
successie coset a ni degrees futher along the gph of the“small n” figure as vell as
being ptaedni degrees &out the aigin. For cetain values ofn andd, this produces an
amazing visual ééct when the igure is dawn. For example wen the paotgon for
n=>5+ 1= 6andd = 72is drawn, the obserer sees aotaing pentangle Wwich
eventually produces aifjure which looks nothing like a pentangle (seeddre 7).
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FIG 7. The otaing pentangle

Thezero + theoem can be used tx@ain the @apeaance of the dgwings for

n = 181, d = 2 (two copies of = sin(#)); n = 91, d = 90 (four undelying circles
joined ky hoiizontal and ettical lines); andn = 92, d = 16 (four “evolved” copies of
r = sin(26), tha overap in pais).

Thezero + theoem can bexdended to ngetive of'sets fom zro-divisors by
obseving tha the gaph ofr = sin((—n)6) is identical to the gph ofr = sin(no)
rotaed 180 dgrees &out the oigin. (Poof: sin(nd + 180) + sin(nd)cos(180) +
cos(nf)sin(180) = —sin(nd) = sin(—n#).) It is a consequence of thero + theoem
that the igures br n = 360 are identical to thoseof 0 < n < 359. Therefore, selecting
nin this mnge povides the ichest possile set of dawings.

Now consider the @wing forn = 90, d = 4. This diawing consists of tw coinciding
circles of mdius 1 (as opposed to thedius.5 circle geneeted by n = 1,d = 1) and
two coinciding dots in the center (the dotsymmat be visilke in Hgure 6). Similar
drawings ae genested forn = 120,d = 3and brn = 72,d = 5. The fllowing
theoem &plains the ppeaance of these ewings.We will call this theoem thezero
theoem,because it conces the ero-divisors of the ing of integers mod 360.
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THE ZERO THEOREM. Letsin(6) be evaluated br 0 in degrees,and letd and n be
integers and let n diide 360.Then all points of theofm (6, sin(n)) lie onm = 360/n
concentic circles centeed on the dgin (some of the aites mg be of equaladius,
and some mabe of adius zro).

Proof: Let mbe the intger sut tha nm = 360. Consider all point® of the orm

mk + a with a constantThensin(nf) = sin(n(mk + a)) = sin(nmk + na)

= sin(360k + na) = sin(360k)cos(na) + cos(360k)sin(na) = sin(na). Since botn and
a are constantso issin(na). As a ranges flom z2ro tom — 1, mdistinct sets of alues
are pooduced The gaph ofr = kis a cicle of radius|k| about the oigin. (J

Forn = 90, there ae four distinct sets ofalues vhich produce the cwes

r = sin(0), r = sin(90), r = sin(180), andr = sin(270), which are circles of mdius 0,1,
0, and 1 respectiely. When the potgon forn = 90 andd = 4 is drawn, one can see

the second big atte being plottedsince the plotting points dancoincide The dot in

the center isphviously, the plot of the ero-radius cicles.

Lastly, consider the tw most puzzling dwings in kgure 6,namey, those or

n=103,d = 7andn = 206, d = 28. Expeimentdion with the paametes

n = 103, d = 7 will show tha even a slight bang inn or d will make the spial
disgppear Fuithemore, there ae only a few combinaions ofn andd that give lise to
spirals in the irst place It tums out thaithe cuve for n = 103, andd = 7 coincides
exactly with the gaph ofr = sin(6/7) plotted in 7-dgree incements fom 0 to 2520
degrees.The citical factor is thathe poduct of 103 and 7 is emqailent to 1 mod 360.
The following theoem,which we will call theunity theoem, explains this phenomenon.

THE UNITY THEOREM. Letsin(6) be evaluated Pr 6 in degrees,and let n and m be
integers sud tha nm = 1 mod 360.Let « be an arbitary integer. Then the points
(a, Sin(ne)) all lie on the gaph of the equ@on r = sin(6/m). Furthemore, if

r = sin(na) is evaluated in m dgree incementsan gpproximation to the gaph of

r = sin(6/m) will be produced

Proof: Given an intger a sin(na) = sin((m/m)na) = sin(nma/m). Since

nma = « mod 360, the points(a, sin(na)) and(nme, sin(nma/m)) coincide To shav
tha 0, m, 2m, 3m, . . . produce succesg points along the cue, obseve thd
sin(nim) = sin(i),i =0,1,2,3,. . .0

Theunity theoem has thedilowing coollary: Let mandn be two integers,

1=m= 359, 1 =<n= 359, sud tha n has nultiplicative inverse mod 360Then it is
possilte to poduce an pproximation to the gaph ofr = sin(mé/n) using algrithm-B
and an ppropriate selection of the pametes ofn andd. The inal drawing of Hgure 6,
with n = 206 andd = 28 is an“evolved” graph ofr = sin(20/7).

4. Dividing the circle into an arbitrary number of parts. Although dviding the
circle into 360 equal p#s is a time-hona&d tiadition,there is no eason Wy some other
number of subdiisions cannot be useth fact,sometimes a smalhang in the mmber
of circle subdvisions can mad a pofound diference in the dwings genested for a
givenn andd. The following algorithm, called“algorithm-C” allows the cicle to be
divided intoz paits, whete z is an arbitary positve integer.
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1. Choose intgersz, n,dsudhthal=n<zandls=d<z
2. SetT andc equal to ero.

3. Setf equal toT. Compute the poin6/z, sin(27n6/z)), corvett it to
rectangular codalinaes and sefoldx, oldy) to the esult.

4. Setf equal tof + d. If 6 = zreplaced by the emainder obtained lren
dividing 6 by z.

5. Computend, reduce it mod, multiply by 27/z, and sek equal to theihal
result.

6. Setr equal to the sin of.
7. Sett equal to276/z

8. Convert the point(t, r) from polar to ectangular coalinaes to obtain the point
(newx, newy).
9. Draw a line fom (olds, oldy) to (newx, newy).

10. Add 1 toc.

11. If #is equal tol then @ to st@ 12,else setoldx, oldy) to (newx, newy) and @
bad to st 4.

12. If c = zstop,else ad 1 toT and @ badk to ste 3.

Figure 8 demonsétes the dect of dlangng the umber of cicle-subdvisions flom 360
to 359. Since 359 is pne, there ae no analgs of thezero andzero + theoems,but
the unity theoeem still goplies. kgure 9 gves somexamples of dawings ceaed with
359 circle subdvisions. None of these a@vings could hee been a@aed with 360
subdvisions.

5. Condusion. Because theare stdic, the dewings pesented in this #cle cannot
do justice td'T he Rose’program. Readey with access to high-speed computephics
equipment a encouaged to implement theirven versions of‘The Rose’and viev the
constuction of the dawings irst-hand Mary of the dewings ehibit gppaent motion
as thg are being dawn, and in some casesyd as the otating pentangle desitred
above, the visual diect is quite stunning
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n=181,d = 90, z= 359
FIG 8. The efect of dhandng circle subdvisions.
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n=40d=89

n=180,d=2

n=290,d= 90
FIG 9. Drawings ceaed withz = 359.

There ae a umber of inteesting and pobably not too dificult, problems tha remain
to be soled Among them a&:

1. Wha are the ules tha govem the shpe of the indridual cosets @&wn by
algorithm-B?
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6.

. Mary of the dewings hae gpaent cuves tha are genested by intersections of

lines.What are the paametic equaions for these cures?Are ary of these cures
well knovn? Hav do the paametic equaions e/olve as theifure esolves?

AlgorithmsA and B both daw illustrations of the aditive goup of intgers mod
360 and its subgups.What about the naltiplicative goup and its subQups?

Whenn is odd, eat line diawn by algorithmsA and B is dawn twice Can ag
use be made of this?

In this aticle, consideable use vas made of theatt tha sin(nf) is peiodic in
360°. In fact,the perods of these functions erusualy much smaller thar860°. Is
this impotant?

Wha about sums and pducts of sin and cos functions?

There ae undoubtedi mary other inteesting questions thaould be askd The reader
is encouaged to ty his hand adiscovering them.
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